Shot-noise of electrons that are transmitted with probability T through a quantum point contact (biased at a voltage V0) leads to a fluctuating current that in turn emits radiation in the microwave regime. By calculating the Fano factor F for the case where only a single channel contributes to the transport, it has been shown that the radiation produced at finite frequency ω0 close to eV0/ and at low temperatures is nonclassical with sub-Poissonian statistics (F < 1). The origin of this effect is the fermionic nature of the electrons producing the radiation, which reduces the probability of simultaneous emission of two or more photons. However, the Fano factor, being a time-averaged quantity, offers only limited information about the system. Here, we calculate the second-order coherence g (2) (τ ) for this source of radiation. We show that due to the interference of two contributions, two photon processes (leading to bunching) are completely absent at zero temperature for T = 50 %. At low temperatures, we find a competition of the contribution due to Gaussian current-current fluctuations (leading to bunching) with the one due to non-Gaussian fluctuations (leading to antibunching). At slightly elevated temperatures, the non-Gaussian contribution becomes suppressed whereas the Gaussian contributions remain largely independent of temperature. We show that the competition of the two contributions leads to a nonmonotonic behavior of the second-order coherence as a function of time. As a result, g (2) (τ ) obtains a minimal value for times
I. INTRODUCTION
In quantum optics, the degree of coherence plays a crucial role in characterizing different sources of radiation. In particular, the second-order coherence g (2) (τ ) is of central importance because it relates to the statistics of the radiation.
1 It can be shown that radiation sources whose fluctuations are independent of the optical phase such as lasers, thermal or chaotic light, all lead to g (2) (τ ) ≥ 1. Microscopically, this result can be interpreted as an effect due to the bunching of the photons. On the other hand, a radiation field with g (2) (τ ) < 1 indicates that the radiation cannot be described in classical terms by a statistical superposition of coherent fields with different intensities. It is of fundamental interest to find and characterize radiation sources that produce nonclassical light. An important idea in this respect is to use the fermionic nature of electrons emitting the photons to imprint their antibunched statistics onto the radiation field. A prime example are single photon sources where a single electron in an excited state of an atom is used to emit a single photon. 2 An obvious question in this direction is whether there is a quantum limit to the classical light bulb where a resistive wire that is biased with a DC -voltage is employed to produce photons. This question has been affirmatively answered:
3 the idea is to use a quantum point contact biased by a voltage V 0 . Single electrons are then transmitted stochastically (with probability T ) through the barrier leading to current fluctuations. The photons produced by these current fluctuations are nonclassical provided the system is kept at low temperatures ϑ ≪ eV 0 /k B , with e > 0 the el-FIG. 1. Source (left part) and analyzer (right part) of the nonclassical radiation: A quantum point contact (QPC) is biased at a constant voltage V0 and produces current-current fluctuations due to shot and thermal noise. These fluctuations are filtered by an LC -resonator and transmitted to the detector as electromagnetic-radiation via a transmission line with characteristic impedance Z tl .
ementary charge and k B the Boltzmann constant, such that the electron reservoirs are degenerate and bunching of the photons is suppressed. The suppression of bunching is achieved by two measures: firstly, only a single channel is allowed to contribute to the transport which requires the breaking of the spin-degeneracy in a magnetic field. Secondly, by engineering of the environment, the photons should be emitted preferentially at frequencies ω ≥ eV 0 /2 such that each electron that carries an energy less than eV 0 emits at most a single photon.
The long-time properties of the radiation emitted by a quantum point contact, such as the Fano factor and even arbitrary cumulants of the photon counting statistics, have been obtained both at zero temperature [3] [4] [5] and at finite temperatures 6 . Based on ideas of Ref. 7, a detector formed by two resonators at different frequen-cies has been analyzed in details. 5 Experimental progress has been impressive, resulting in the measurement of high-frequency shot-noise 8 and the measurement of the two photon interference of photons emitted by a tunnel junction 9 . One of the last remaining challenges, the impedance matching of the wave-guides transporting the radiation from the quantum point contact to the amplifier that acts as a detector, has been recently resolved in employing superconducting circuits.
10,11 Here, we want to study the second-order coherence g (2) (τ ), which is a time-resolved quantity and thus also carries information about the correlation time of the source. In particular, we show that the behavior of g (2) (τ ) as a function of the autocorrelation time τ is nonmonotonous with a minimum around τ * ≈ 5ω
0 . We highlight that a value g (2) (τ * ) < 1 can be obtained at temperatures where the radiation is already super-Poissonian.
The outline of the paper is as follows: In Sec. II, we present the experimental setup that is analyzed in the remainder of the paper. Sections III and IV provide the general results for the average photon rate as well as the photon-photon correlator that is directly linked to the second-order coherence. In Sec. V, we provide analytical results valid at zero temperature. We proceed by determining the critical temperatures below which the observation of nonclassical features in the radiation is possible in time-averaged quantities (Sec. VI) as well as the second-order coherence (Sec. VII). We conclude in Sec. VIII by identifying a set of realistic experimental parameters and provide results for the Fano factor and the second-order coherence for this case.
II. SETUP & MODEL
The setup we have have in mind is shown in Fig. 1 . The quantum point contact is assumed to be voltagebiased at a voltage V 0 and thus produces current noise e 2 S(ω) = dt I(0)I(t) e iωt at frequency ω where I(t) denotes the current through the quantum point contact and · indicates a cumulant. In the following, we assume that only a single channel with an energyindependent transmission probability 0 ≤ T ≤ 1 contributes to the transport as the nonclassical signatures of the radiation are absent two or more channels.
12
The source of current noise is embedded in an electromagnetic environment formed by an LC -resonator and a wide-band transmission line in parallel. The LCresonator is characterized by the resonance frequency ω 0 = (LC) −1/2 and the characteristic impedance Z 0 = (L/C) 1/2 , which is the ratio of the voltage to the current in the LC -resonator at the resonance frequency. As we want to treat the quantum point contact with impedance 2π /e 2 T to be biased by a constant voltage, we have to assume that the impedance of the environment is small compared to the impedance of the quantum point contact, that is G Q Z 0 ≪ 1 with G Q = e 2 /2π . 13 The transmission line introduces both damping as well as a slight shift of the resonant frequency. The latter can be incorporated in a redefinition of ω 0 . The only relevant contribution of the impedance of the transmission line is its real part Z tl (ω ≈ ω 0 ) = Z 0 ω 0 /γ that we will parameterize by the rate γ whose meaning will be made clear below.
As the inductance, capacitance, and transmission line form a parallel circuit, the total impedance Z ω = V ω /I ω , relating the current I(t) = (dω/2π)I ω e −iωt through the quantum point contact to the voltage V (t) across the LC -resonator, is given by
As described in the introduction, the density of states for photons in the environment should be large for photons with frequency larger than eV 0 /2 . In order to achieve that, we have to require that γ eV 0 /2 and ω 0 eV 0 / . We have found that the optimal value of ω 0 is close to eV 0 / , especially at temperatures close to the critical temperature. In order to keep the number of parameters manageable, we thus present only results for the resonant condition ω 0 = eV 0 in the following (except for Fig. 7 ).
For positive frequencies (emission), the impedance is well-approximated by the form
that corresponds to the response of an oscillator at frequency ω 0 with quality factor Q = ω 0 /γ. In particular, the rate γ describes the loss of photons from the cavity into the transmission line. 14 Note that the total impedance on resonance Z ω0 = QZ 0 is a factor Q larger than the characteristic impedance of the resonator.
In a next step, we want to find an expression for the rate of photons n(t) that are emitted at time t into the transmission line as those photons will be subsequently detected in the amplifier positioned at the other end. The photon number dn(t) = P ω (t)dω/2π ω in the frequency interval [ω, ω + dω] is given by the power loss P ω (t) = Re(Z
iωδ at this frequency measured in units of the photon energy ω. Expressing the voltage V ω = Z ω I ω via the current, we arrive at the important result
with α ω = G Q /Z 0 Qω, I
+ ω = I ω Θ(ω) the current projected on the positive frequency contributions, and I
† ; 15 here and below Θ(x) denotes the unit-step function. Positive frequency in this context corresponds to photon emission processes where energy from the electronic system is converted into photons. Note that in the limit of large quality factors Q ≫ 1 when Z ω is wellapproximated byZ ω , the photons are solely emitted at the frequency ω 0 such that α ω can be approximated bỹ
Below, the current I(t) will be promoted to an operator and the usual normal-ordering prescription of photon counting denoted by colons will be assumed which implies that the '+' operators are positioned to the right of the '−' operators, with the '+' operators being timeordered, and the '−' operators anti-time-ordered among themselves. 16 Using this notation, the main task of this paper is the evaluation of the second-order coherence defined as
The current through the quantum point contact is the source of the radiation that is emitted in the transmission line. It can be evaluated using the conventional Landauer-Büttiker approach of transport. We model the quantum point contact by two electronic reservoirs, one to the left and one to the right of the constriction. The current operator at frequency ω has the explicit form I ω = I out,ω − I in,ω with (5) here,
with the reflection probability is given by R = 1 − T due to unitarity. The electronic states in the reservoirs are described by fermionic operators c x,ǫ that fulfill the canonical anticommutation relations {c x,ǫ , c x ′ ,ǫ ′ } = 0 and {c x,ǫ , c †
′ ∈ {L, R} . The states are assumed to be in (local) equilibrium and thus occupied according to the
In the following, we will measure the electronic energies with respect to the chemical potential of the right reservoir and thus set µ R = 0 and µ L = eV 0 (due to the voltage bias).
III. AVERAGE PHOTON RATE
The photon rate can be calculated by averaging the expression (3) over the distribution of the electrons. Due to the fact that the bias V 0 is constant, the state is stationary and as a result the average photon rate n(t) is independent of t. The photon rate assumes the simple form
The current noise power S(ω) can be evaluated by employing Wick's theorem yielding the result S(ω) = S ex (ω) + S th (ω) with
here, we have introduced the abbreviation ∆(ω) = f L (ω) − f R (ω) for convenience. The term S th (ω) in the expression for S(ω) describes the thermal noise whereas S ex (ω) is the excess noise due to the application of a finite bias V 0 . At zero temperature, only the excess noise remains at positive frequencies. Note that at low temperatures and large quality factors, we may replace S, Z, and α in (7) by S ex ,Z, andα respectively. As a result, we obtain the approximate expression
Figure 2 shows a comparison of the photon rate, Eq. (7), with the approximation (9). The photon rate depends on the three energy scales eV 0 , γ, and k B ϑ. We can evaluate n in the different relevant limits and obtain the following approximations
Since γ denotes the rate at which photons are transferred from the LC -resonator to the transmission line, the number of photons in the cavity n cav is given by n /γ ≃ RT G Q Z 0 max(1, 2πk B ϑ/ γ)/8π. As we are mainly interested in the low-temperature limit in the following, we use the abbreviation
consistently.
IV. PHOTON-PHOTON CORRELATION
In order to obtain the second-order coherence, the task is to obtain the photon-photon correlation function n (2) (τ ) = :n(τ )n(0): = :n(τ )n(0): − n 2 . Given this correlation function, the second-order coherence follows via
In particular, a negative correlation function n (2) (τ ) at some time τ is equivalent to having g and kBϑ/eV0 = 0.1 as a function of γ/ω0 normalized to the value n0 = RT GQZ0kBϑ/4 valid for γ → 0.
and thus indicates nonclassical radiation. The prior work [3] [4] [5] has been concentrated on obtaining zero frequency (long-time) results. In particular, the Fano factor F = dτ :n(τ )n(0): / n describing whether a source is more correlated (F > 1) or anticorrelated (F < 1) than a Poissonian source with F = 1 has been of central interest. The connection with g (2) is provided by
where we have introduced the total number of correlated photons N (2) = dτ n (2) (τ ). A Fano factor with F < 1 is a clear indication that g (2) (τ ) is smaller than one for some τ . However, having the full information g (2) (τ ) available, it is possible to have g (2) (τ ) < 1 for some time τ = τ * even when F 1. Obtaining the photon-photon correlation function n (2) (τ ) is more difficult than the average photon rate. The problem is that it involves the evaluation of a forthorder current correlators. We proceed with the insight of Ref. 4 that the normal-ordering of the current operators is equivalent to the in-out -ordering, i.e., ordering I 18 The evaluation of n (2) thus proceeds in the following three steps: (i) We express n(t) via the current operators using the general expression (3). (ii) We implement the normal-ordering for each term utilizing the prescription in terms of the in-out -ordering as explained above. (iii) In each term, we introduce the expression (5) for the current operators and then perform the average over the reservoir with the help of Wick's theorem for the electronic operators c L/R . The relevant diagrams for calculating n (2) (τ ) are shown schematically in Fig. 3 .
The photon-photon correlation function can be decomposed into two parts n (2) (τ ) = n
nG (τ ) with a Gaussian term, which dominates at large temperatures and is always positive, given by
and a non-Gaussian term
which depends through the combination
on the impedance Z ω such that n
nG different from n (2) G depends on the phase of Z ω . More importantly, the nonGaussian term does not have a well-defined sign. In fact it has been shown that if the impedance is peaked in the frequency interval [eV 0 /2 , eV 0 / ] and at low temperatures, the non-Gaussian contribution is negative and for proper choice of parameters even dominates the direct contribution.
3
The non-Gaussian contribution involves the three diagrams nG1, nG2, and nG3. The general expressions are quite involved though they follow straightforwardly from the recipe outlined above. At zero temperature, only a few terms survive and the resulting contributions can be written in the compact form
where ∆(ǫ) selects electrons with energies ǫ within the transport window. In the following, we use the approximate expressions for n nGj also at finite temperatures. We have tested numerically that for low temperatures ϑ eV 0 /k B , which we are interested in, the results differ from the exact expression by not more than a few percent, see for example the dashed lines in Figs. 5 and 6. The analytical expressions in Eq. (16) are one of the central results of this paper as they provide an accurate analytical description of the physics which we want to discuss in the following. From the three contributions, n nG1 and n nG2 are negative and thus lead to antibunching whereas n nG3 is positive. The three contributions have different physical origin. The first contribution n nG1 originates from a correlated emission of two photons at frequency ω 1 and ω 2 due to the transfer of two electrons. For ν = 0, this term has already been discussed in Ref. 6 . The other two terms are new and describe two photon processes where a single electron which is transmitted through the quantum point contact emits two photons. Note that these processes are suppressed for an environment such that the impedance for ω < eV 0 /2 is vanishingly small. In our setup, the smallness of the impedance in this regime is controlled by the quality factor Q.
The evaluation of N (2) , which is needed for the Fano factor, involves the regime of long-measurement time. The integral over τ in (13) then reduces the number of frequency integrals in the expressions of n (2) (τ ) by one as dτ cos(ντ ) = 2πδ(ν). Since the main negative contribution n nG1 to n (2) is largest for T = 1 2 , we will present only results for this case in the following.
V. ZERO TEMPERATURE
We first present the results at vanishing temperatures. In this case, the Fermi-Dirac distribution becomes a step function. The physics is concentrated on energies within the voltage bias with ∆(ǫ) = 1 for ǫ ∈ [0, eV 0 ] and zero otherwise. In the direct contribution to the photonphoton correlator, we can replace the shot-noise S(ω) by the zero temperature result RT (ω 0 −ω)Θ(ω 0 −ω)/2π and obtain
Since ∆(ǫ) is a step function, we can also simplify the expression for n nGj with the results
For T = 1 2 , which is the optimal choice to observe the photon antibunching, we have n nG2 + n nG3 = 0 and two photon processes are absent irrespective of the shape of |Z ω |. As, this feature will approximately persist also to some small but finite temperatures, the stringent requirements on the quality factor Q of the cavity can be relaxed. The ǫ integration can now be performed readily with the result (valid for
where the integration is constraint onto the region R with 0 < ν/2 < ω 1 < ω 2 < ω 0 − ν/2. The question whether the radiation can be classified as nonclassical relies on the competition between the positive (classical) contribution (17) and its negative counterpart (19) . As explained before, for the evaluation of N (2) the cos-factor becomes a δ-function and thus reduces the number of integrals by one. Solving the remaining integrals yields the results (valid for Q ≫ 1)
Because |N (2) nG |/N (2) G = 8 ln 2 ≈ 5.5 > 1 the Fano factor is below 1 and we obtain
Next, we turn to the discussion of the photon-photon correlator. For τ = 0, we obtain the result (Q ≫ 1)
In the same limit of large quality factors, we can send the lower limit of integration in Eq. (17) to −∞ as the integral is cut-off by the impedance. In this approximation, n
G is independent of the applied voltage bias (which has been effectively sent to infinity). For large quality factors, the photon-photon correlations assumes the form
This shows that the correlation time is given by γ. As we have neglected the finite value of the voltage, the results in (22) are only valid in the regime Q G (τ ) due to Gaussian current-current fluctuations and n (2) nG (τ ) due to non-Gaussian fluctuations at zero temperature for Q = 5. It can be seen that both correlators decay on a characteristic scale set by the inverse of the cavity decay rate. The positive contribution n (2) G and the negative contribution n (2) nG add up to the photonphoton correlator n (2) (τ ) (dashed line). As n (2) is negative, the second-order coherence g (2) (τ ) is smaller than 1 indicating that the photons are antibunched.
Outside this regime, we have to include the finite value of eV 0 = ω 0 . For small times (γτ < Q −1 ), the weak divergence for τ → 0 has to be cut-off at ω 0 τ ≃ 1. For long times (γτ > Q), the photon-photon correlator shows an oscillatory component, cf. Fig. 4 . The oscillatory part is approximately given by
valid for ω 0 τ 1. The reason for this oscillation lies in the fermionic statistics of the electrons producing the radiation. At low temperatures, due to the Pauli principle, the electrons contributing to the charge transport are separated by a time-interval /eV 0 that is a remnant of the exchange-hole found in a Fermi sea. 20, 21 The fact that electrons with the same spin are separated from each other leads to a separation of the photons which are produced by the electrons and correspondingly in a dip of the photon-photon correlator at the relevant timescale. Note that for long-times where the oscillatory behavior becomes visible, the photon-photon correlator is a factor Q −2 smaller than at τ = 0 such that this oscillation although of theoretical interest will most likely remain experimentally unobservable.
We continue by discussing the competing negative contribution n (2) nG . For large quality factors Q ≫ 1, the impedance Z (2) concentrates the integral (19) at values ω 1/2 ≃ ω 0 and ν ≃ 0. The value for τ = 0 is approximately given by
For finite times τ , we again proceed by sending the lower limit of integration to −∞ which corresponds to integrat- c as a function of the inverse quality factor Q = ω0/γ = eV0/ γ. The dashed line is the evaluation of ϑc with all terms contributing to the diagrams in Fig. 3(b) taken into account. This result should be compared to the solid line that involves the approximate expressions (16) . The results differ by at most a few percent showing that (16) is a reasonable approximation for the relevant quality factors Q 5. Whereas ϑc indicates for which temperatures nonclassical signatures of the radiation can be detected in the time-averaged quantity (Fano factor), the dotted line shows the result for ϑ * c , the critical temperature for which the second-order coherence g (2) (τ ) is below 1. The latter is evaluated with the approximate expressions of Eq. (16) .
ing over the region ν/2 < ω 1 < ω 2 < ω 0 − ν/2. This approximation renders the result (valid for Q γτ Q −1 )
independent of the value of the bias voltage.
VI. CRITICAL TEMPERATURE FROM FANO FACTOR
On the one hand, we have seen that for a single channel wire and for large quality factors, the Fano factor is below 1 at zero temperature, cf. Eq. (20) . On the other hand, for large temperatures k B ϑ ≫ eV 0 , the Fano factor approaches F = 1 + n cav > 1, characteristic for a thermal source. Thus, there is some critical temperature ϑ c at which the Fano factor is 1. In the time-averaged quantities, the nonclassical signatures of the radiation source thus is only visible for ϑ < ϑ c . Figure 5 shows the result for ϑ c as a function of the inverse quality factor. For Q ≥ 10, the critical temperature is well-approximated by ϑ c ≈ γ/k B . Note that the fact that the critical temperature scales with the photon-loss rate γ has already been noted in Ref. (τ ) as a function of the autocorrelation time τ and the temperature ϑ of the electronic system. The data have been evaluated for a quality factor Q = 5 using the approximate expressions (16) . (b) Line cuts (solid lines) for temperatures ϑ * c , ϑc, and ϑ = 0.13 eV0/kB from top to bottom. The dashed line is a calculation for ϑ = ϑc using the exact expression for the diagrams in Fig. 3(b) . It can be seen that the approximation (16) captures all essential features and even underestimates the nonclassical correlations.
VII. CRITICAL TEMPERATURE FROM SECOND-ORDER COHERENCE
Knowing the critical temperature, we have confirmed numerically that the following approximations holds at low temperatures: n (2) G remains largely unchanged with temperature whereas n (2) nG scales with a factor (1 − 0.6ϑ/ϑ c ). As a result, we have the approximate expression
nG (τ ; ϑ = 0) (26)
for the photon-photon correlator at finite temperatures.
In Fig. 4 , we can see that n
G (τ ; ϑ = 0) falls off fast for small times when compared to n (2) nG (τ ; ϑ = 0). We can understand this from the analytical expressions in Sec. V by comparing the behavior of ln 2 |γτ | for n
G to ln |γτ | for n (2) nG . Starting from a finite value at τ = 0, n (2) G has a point of inflection just before going over to the ln 2 |γτ | behavior. Numerically, we obtain a value τ * ≈ 5ω fast decay of n (2) G and the fact that the contribution of n (2) nG is reduced at finite temperatures, the second-order coherence g (2) (τ ) becomes nonmonotonous at finite temperature with a well-pronounced minimum slightly above τ * , see Fig. 6 . Due to the oscillatory behavior, we expect to obtain g (2) (τ ≈ τ * ) < 1 at temperatures above ϑ c . We denote with ϑ * c the critical temperature below which g (2) (τ * ) < 1. The critical temperature is shown as the dotted line in Fig. 5 . Indeed, for relevant quality factors Q < 10, ϑ * c is about 10% larger than ϑ c rendering the requirements to see nonclassical correlation less stringent.
VIII. EXPERIMENTAL PARAMETERS
In this section, we would like to present realistic experimental parameters to observe sub-Poissonian statistics (F < 1) of the radiation emitted by the quantum point contact. As can be seen in Fig. 5 , the critical temperature increases with decreasing quality factor. It flattens out for γ/eV 0 = 0.2. However, the results have assumed the impedance of the transmission line to be constant over the range set by γ. Thus, a quality factor of Q = 5 seems to offer an appropriate balance between having a large critical temperature while still onnly requiring a moderate bandwidth for the detector. Since the results of this paper rely on having a single electronic channel without spin-degeneracy, a point contact in a quantum Hall edge channel in a sufficiently large magnetic field is essential. The constricting has to be tuned to a transparency of T = 1 2 . It is reasonable to expect that the conductance remains linear for voltages up to V 0 = 100 µV. In order to optimize the Fano factor, we propose eV 0 / ω 0 = 1.3 such that ω 0 ≈ 2π × 18 GHz. In order to achieve k B ϑ/ ω 0 = 0.05, an electronic temperature of the order of ϑ ≈ 50 mK has to be obtained. From Fig. 7 , we can then see that in this case the Fano factor reads F = 1 − 0.15G Q Z 0 . The possibility to observe the sub-Poissonian nature of the radiation in the end relies on the impedance matching of the transmission line to the quantum point contact that is captured in the expression G Q Z 0 . For example, if the sensitivity allows to distinguish F = 1 from F = 0.95, an impedance matching with G Q Z 0 = 0.33 (Z 0 ≈ 8 kΩ) is required.
IX. CONCLUSIONS
In conclusion, we have calculated the second-order coherence of microwave radiation produced by a quantum point contact with a single transport channel. We have obtained the approximate analytical expression Eq. (16) that provides accurate results for the relevant temperatures where the radiation is nonclassical. We have shown that at low temperatures and at transparency T = 1 2 , two photon processes are suppressed due to the cancellation of two competing terms. As a result, the stringent requirements on the quality factor of the LC -resonator can be relaxed which helps to increase the measurement signal. We have given explicit analytical results for the photon-photon correlators at zero temperature and an approximate expression valid at finite but small temperatures. We have shown that the second-order coherence g (2) (τ ) shows a nonmonotonous behavior with am minimum close to τ * ≈ 5ω
0 . Taking the minimum of g (2) as the criterion for nonclassical radiation, the critical temperature below which nonclassical features can be observed is increased by 10% compared to time-averaged quantities. We have presented a set of realistic though challenging experimental parameters that allow for the detection of the sub-Poissonian radiation emitted by the quantum point contact.
